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The Parasix Configuration and Orthocor respondence

Bernard Gibert and Floor van Lamoen

Abstract.  We introduce the parasix configuration, which consists of two con-
gruent triangles. The conditions of these triangles to be orthologic AiBt'
or a circumcevian triangle, to form a cyclic hexagon, to be equilateral or to be
degenerate reveal a relation with orthocorrespondence, as defined in [1].

1. The parasix configuration

Consider a trianglel BC' of reference with finite point® and@ not on its side-
lines. Clark Kimberling [2§59.7,8] has drawn attention to configurations defined
by six triangles. As an example of such configurations we may create six triangles
using the linee,, ¢, and{. through@ parallel to sides:, b and ¢ respectively.

The triples of lines(¢,,b,c), (a, ¢y, c) and (a, b, £.) bound three triangles which
we refer to as thegreat paratriple. Figure 1a shows thd-triangle of the great
paratriple. On the other hand, the triples 4, ¢..), (¢4, b, ¢.) and (¢, ¢y, ¢) bound
three triangles which we refer to as tlseall paratriple. See Figure 1b.

A A

Figure la Figure 1b

Clearly these six triangles are all homotheticA8C', and it is very easy to find
the homothetic images dP in these trianglesd, in the A-triangle bounded by
(4q, b, ) In the great paratriple, and, in the A-triangle bounded bya, 4, £.) in
the small paratriple; similarly foB,, C,, B;, Cs. These six points form thearasix
configuration of P with respect to @, or shortlyParasix(P, Q). See Figure 2. If in
homogeneous barycentric coordinates with referencéBa’, P = (u : v : w)
and@ = (f : g : h), then these are the points
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Figure 2. Parasix(P, Q)

Ag=(u(f+g+h)+ flv+w):v(g+h):wlg+h)),

By =(u(f +h): glut+w)+v(f+g+h):w(f+h)),
Cog=(u(f+g):v(f+g):h(utv)+w(f+g+h)); 1)
As =(uf : g(u+w) +o(f +g) : h(u+v) +w(f + h)),

Bs =(u(f +g) + f(v+w) :vg: h(u+v) +w(g+h)),
Cs=u(f+h)+ flo+w):glu+w)+v(g+h): wh).

Proposition 1. (1) Triangles A,B,C, and A,B,C, are symmetric about the
midpoint of segment PQ).
(2) The six points of a parasix configuration lie on a central conic.
(3) The centroids of triangles A, B,C,; and A, B;C; trisect the ssgment PQ).

Proof. Itis clear from the coordinates given above that the segmgnts, B, B,
CyCs, PQ have a common midpoint
(Futotw) +ulf+g+h):-mim).

The six points therefore lie on a conic with this common midpoint as center. For
(3), itis enough to note that the centroids andG, of A,B,C, andA,B,C; are
the points

Gy=Qu(f+g+h)+flutv+w): i),
Gs=(u(f+g+h) +2flu+v+w):---:---).
It follows that vectors”G , = 1 PQ andPG,= 2 PQ. 0
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While Parasix(P, Q) consists of the two triangled,B,C, and A;B,C,, we
write A, B,C, and A, B,C; for the two corresponding triangles Bérasix(Q, P).
From (1) we easily derive their coordinates by interchanging the rolgs @f h,
andu, v, w. Note thatG;, = G, andG, = G,.

Let P4 and@ 4 be the the points wheré P and AQ meetBC respectively, and
let AP : PPy =tp:1—tpwhile AQ : QQa =tg : 1 —tg. Thenitis easy to
see that

AA, : AgPa = AA, : A,Qa = tptg: 1 —tplg

so that the Iine4gﬁg is parallel toBC. By Proposition 1,4,A, is also parallel to
BC.

Proposition 2. (a) Thelines A,A,, B, B, and C,C, bound a triangle homothetic
to ABC'. The center of homothety is the point

(flutv+w)+ulg+h):glutv+w)+olh+[):hutv+w)+wlf+g)).
The ratio of homothety is

fu+gv+ hw
(f+g+h)(u+v+w)

(b) The lines A, A,, B,B, and C;C, bound a triangle homothetic to ABC' with
center of homothety (uf : vg : wh) ! Theratio of homothety is

fu+gv+ hw
(f+g+h)(ut+v+w)

Figure 3a Figure 3b

This point is called the barycentric product Bfand@. Another construction was given by P.
Yiu in [4]. These homothetic centers are collinear with the midpoinP&f.
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2. Parasix loci

We present a few line and conic loci associated with parasix configurations. For
P = (u:v:w), we denote by
(i) Lp the trilinear polar ofP, which has equation

Y

x z
—+=+—=0;
v w

(ii) Cp the circumconic with perspectd?, which has equation

u v w
—4+-+—=0.
T Yy =z
2.1 Areaof parasix triangles. The parasix triangled, B,C, andA,B,C have a
common area
ghu + hfv+ fqw
(f+g9+h)2(u+v+w)

Proposition 3. (a) For a given @, the locus of P for which the triangles A, B,C|,
and A, B;C; have a fixed (signed) areaisaline parallel to Lp.

(b) For a given P, the locus of @ for which the triangles A, B,C, and A, B,C
have a fixed (signed) area is a conic homothetic to Cp at its center.

(2)

In particular, the parasix triangles degenerate into two parallel lines if and only
if
u v w
—+t-+-=0 (%)
g h

This condition can be construed in two way3:c Ly, or equivalently,P € Cp.
Seet6.

2.2 Perspectivity with the pedal triangle.

Proposition 4. (a) Given P, the locus of Q so that A; B;C is perspective to the
pedal triangle of Q isthe line?

> Sa(Spv — Sew)(~uSa + vSp + wSe)z = 0.

cyclic

This line passes through the orthocenteand the point

1
(SA(—uSA+vSB+wSC)"""")’

which can be constructed as the perspectad BiC and the cevian triangle dP
in the orthic triangle.

2Here we adopt J.H. Conway'’s notation by writifgor twice of the area of trianglel BC' and

2 2 _ 2 2 2 32 2 2 _ 2
Sa=S-cot A= H%’ Sp = S-cot B = %7 So = S-cot C = %
These satisi¥ap + Spc + Sca = S2. The expressionSaz, Ssc, Sca stand forSaSz, SsSc,

ScSa respectively.
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2.3 Parallelogy. A triangle is said to be parallelogic to a second triangle if the
lines through the vertices of the triangle parallel to the corresponding opposite
sides of the second triangle are concurrent.

Proposition 5. (a) Given P = (u : v : w), the locus of @ for which ABC' is
parallelogic to A, B,C, (respectively A;B,C;) istheline (v +w)x + (w + u)y +
(u 4+ v)z = 0, which can be constructed as the trilinear polar of the isotomic
conjugate of the complement of P.

(b) Given @ = (f : g : h), the locus of P for which ABC'is parallelogic to
AyB,C, (respectively A,B,C) istheline (g + h)x + (h+ fly+ (f + 9)z =0,
which can be constructed as the trilinear polar of the isotomic conjugate of the
complement of Q.

2.4. Perspectivity with ABC'. Clearly A,B,C, is perspective toABC at P. The
perspectrix is the lingh(g + h)z + fh(f + h)y + fg(f + g)z = 0, parallel to the
trilinear polar of(Q. Given P, the locus of@ such that4; B,C is perspective to
ABC'is the cubic

(v 4 w)z(wy? — v2?) + (u+ w)y(uz? — wr?) + (u +v)z(ve? — uy?) =0,

which is the isocubic with pivotv+w : w+wu : u+v) and poleP. ForP = K, the
symmedian point, this is the isogonal cubic with pivat;; = (b + ¢ : ¢ + a? :
a? + b?).

3. Orthology

Some interesting loci associated with the orthology of triangles attracted our
attention because of their connection with the orthocorrespondence defined in [1].
We recall that two triangles are orthologic if the perpendiculars from the vertices of
one triangle to the opposite sides of the corresponding vertices of the other triangle
are concurrent.

First, consider the locus ap, given P, such that the triangled, B,C, and
AsB;C are orthologic toABC. We can find this locus by simple calculation
since this is also the locus such thiétB,C) is perspective to the triangle of the
infinite points of the altitudes, with coordinates

Hflo - (—(12,SC,SB), H%o - (807_1727514)7 Hg’o - (SB,SA,_C2)-
The linesA,HY, V,HE andC,Hg® concur if and only ifQ) lies on the line
(Spv — Scw)x + (Scw — Sau)y + (Sau — Spv)z =0, (3)

which is the line through the centro@ and the orthocorrespondent Bf namely,
the point3

Pt = (u(=Ssu+ Spv+ Scw) +d®vw : -+ :---).
The line (3) is the orthocorrespondent of the liHd>. See [152.4].
3The lines perpendicular & to AP, BP, CP intersect the respective sidelines at three collinear

points. The orthocorrespondent #f is the trilinear poleP* of the line containing these three
intersections.
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For the second locus problem, wedgbe given, and ask for the locus Bfsuch
that the trianglesi, B,C, and A, B,C are orthologic tad BC'. The computations
are similar, and again we find a line as the locus:

Salg—h)x+Sp(h— fly+ Sc(f —g)z2=0.

This is the line throughf, and the two anti-orthocorrespondents(pf See [1,
Figure 2]. It is the anti-orthocorrespondent of the l{#€).

Given P, for both A, B,C, and A, B,C,, to be orthologic taA BC, the pointQ
has to be the intersection of the ligg”* ((3) above) and

Sa(v —w)z + Sp(w —u)y + Sc(u —v)z =0,

the anti-orthocorrespondent GfP. This is the point

T(P) = (SA(62 - b2)u2 + (SAC - SBB)UU - (SAB - Scc)uw + a2(02 - b2)vw

).

The point7(P) is not well defined if all three coordinates of P) are equal
to zero, which is the case exactly whénis either K, the orthocenterd, or the
centroidG. The pre-images of these points are lin@%7 (the Euler line) GK, and
HK for K, G and H respectively. Outside these lines the mappihg— 7(P)
is an involution. Note thaP andr(P) are collinear with the symmedian poift.

The fixed points of- are the points of the Kiepert hyperbola

(b — A)yz + (2 — a®)zz + (a® — b*)zy = 0.

More precisely, the line joining (P) to H meetsG P on the Kiepert hyperbola.
Therefore we may characteriz¢ P) as the intersection of the linBK with the
polar of P in the Kiepert hyperbold.

In the table below we give the first coordinates of some well known triangle
centers and their images underThe indexing of triangle centers follows [3].

P | first coordinatg 7(P) | first coordinate

X1 |a X9 |a(s—a)

X7 | (s=b)(s—c) | Xoas | (s=b)(s—c)F

Xs [s—a a*+ (b+c)?

X19 aG

X34 a(s —b)(s —c)(a® + (b+ ¢c)?)
X37 Xro |a(b+c)Sa

X0 | a®(b+c) X7 | a®(b+c)Sa

X57 | a/(s —a) Xoo3 | a(s —b)(s —¢)F

Xsg X572 | ®G

“This is also called thelirst inverse of P with respect tak. See the glossary of [3].
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Here,

F=a*+d*(b+c)—alb+c)? = (b+c)b-c)?,

G=a*+d*(b+c)+alb+c)?+(b+c)b-c)?,

We may also wonder, give outside the circumcircle, for whictp are the

Parasix(P, Q) trianglesA,B,C, and A, B;C; orthologic to the circumcevian tri-
angle of P. The A-vertex of the circumcevian triangle &f has coordinates

(—aQyz C(VPz 4 Ay)y s (VP + c2y)z) .
Hence we find that the lines from the vertices of the circumcevian triangle of
perpendicular to the corresponding sidesipi3,C, concur if and only if

(uyz + vez + wzry)L = 0, 4)
where
L= Z (> +2S avw+b*w?) ((® Scv—b* Spw)u’ +a> (v —b*w* )u+(Spv—Scw)vw))z.

cyclic

The first factor in (4) represents the circumconic with perspegtoand when
@ is on this conicParasix(P, Q) is degenerate, s&é below. The second factdr
yields the locus we are looking for, a line passing through®

A point X lies on the lineL. = 0 if and only if P lies on a bicircular circum-
quintic through the in- and excent&rdor the special cas& = G this quintic
decomposes intd,, (with multiplicity 2) and the McCay cubic. In other words,
for any P on the McCay cubic, the circumcevian trianglefis orthologic to the
Parasix(P, Q) triangles if and only ifQ lies on the lineG' P*.

4. Concyclic Parasix( P, Q)-hexagons

We may ask, giverP, for which Q the parasix configuration yields a cyclic
hexagon. This is equivalent to the circumcenter4gf3,C, being equal to the
midpoint of segment’@. Now the midpoint of PQ lies on the perpendicular
bisector of B,C,, if and only if Q lies on the line

—(w(Sau+ Spv — Scw) + Cuv)y + (v(Sau — Spv + Scw)v + bwu)z = 0,

which is indeed the cevian lind P-. Remarkably, we find the same cevian line as
locus for@ satisfying the condition tha,C, 1. AP.

Proposition 6. The following statements are equivalent.
(1) Parasix(P, Q) yields a cyclic hexagon.

SThe line L = 0 is not defined wherP is an in/excenter. This means that, for any Q, triangles
AgBgCy and As BsCs in Parasix(P, Q) are orthologic to the circumcevian triangle Bf This is
not surprising since® is the orthocenter of its own circumcevian triangle. For= X3, L = 0 is
the lineG K, while for P = X3, X14, itis the parallel afP to the Euler line.

5This quintic has equatioQ 1z + Q ry + Qcz = 0 where@ 4 represents the union of the circle
centerA, radius0 and the Van Rees focal which is the isogonal pivotal cubic with pivot the infinite
point of AH and singular focus!.

The McCay cubic is the isogonal cubic with pivo® given by the equation
D eyetic - Saz(cty? — b?2%) = 0.
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(2) AyB,C, and A, B,C are homothetic to the antipedal triangle of P.
(3) Q isthe orthocorrespondent of P.

A

Figure 4

The center of the circle containing the 6 points is the midpoin?f
The homothetic centers and the circumcenter of the cyclic hexagon are collinear.
A nice example is the circle arouribrasix(H, G). It is homothetic to the cir-
cumcircle and nine point circle througt with factors% and% respectively. The
center of the circle divide®H in the ratio2 : 1.8 The antipedal triangle off
is clearly the anticomplementary triangle ABC. The two homothetic centers
divide the same segment in the ratibs2 and3 : 2 respectively’ See Figure 5.
As noted in [1],P = Pt only for the Fermat-Torricelli points{;3 and X14.
The vertices obarasix(Xi3, X13) andParasix(X14, X14) form regular hexagons.
See Figure 6.

5. Equilateral triangles

The last example raises the question of finding, for gi¥&rthe pointsQ for
which the trianglesA, B,C, and A;B,C; are equilateral. We find that thé-
median ofA,B,C, is also an altitude in this triangle if and onlyd} lies on the

8This is also the midpoint off H, the center of the orthocentroidal circle, the poifik; in [3].
9These have homogeneous barycentric coordin@tgst 2a>(b? +¢*) —5(b> —*)? : -+ : -+ )
and(a* — 2a%(b* + ) + 3(b® — ®)? : .- : ---) respectively. They are not in the current edition

of [3].
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A

Figure 5. Parasix(H, G)

conic
—2((Sau + Spv — Scw)w + uv)zy + 2((Sau — Spv + Scw)v + b*uw)zz
— (Fu? + a*w? + 2Spuw)y® + (V?u® + a*v? + 2Scuv)z* = 0.

We find an analogous conic for thg-median ofA,B,C, to be an altitude. The
two conics intersect in four points: two imaginary points and the points

Q12 = ((—SAu+SBv+SCw)u—|—a2vw:|:%\/gSu(u—i—v—l—w):---:---).

Proposition 7. Given P, there aretwo (real) points @ for which triangles 4, B,C,
and A,B,C, are equilateral. These two points divide PP harmonically.

The pointsQ; » from Proposition 7 can be constructed in the following way,
using the fact thaP, Gs, G, and P+ are collinear.

Start with a pointz’ on PP+, We shall construct an equilateral triangte3’C’
with vertices onAP, BP andC P respectively and centroid &. This triangle
must be homothetic to one of the equilateral triangle®,C, of Proposition 7
throughP.
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Figure 6. The parasix configurati®tarasix(Xi3, X13)

Consider the rotatiop aboutG’ throughi%”. The image ofA P intersectsB P
in a pointB’. Now letC’ be the image o3’ and A’ the image of”’. ThenA’B’C’
is equilateral A’ lies on AP, G is the centroid and’ must lie onC P.

The homothety with cented that mapsP to A’ also mapsBC to a line/,.
Similarly we find ¢, and/.. These lines enclose a triangi¥ B”C"” homothetic
to ABC. We of course want to find the case for whidhB”C” degenerates into
one point, which is th&) we are looking for. Since all possible equilateraB’C’
of the same orientation are homothetic throughthe trianges4’ B”C" are all
homothetic toA BC through the same point. So the homothety centet’@” C”
and ABC is the pointQ) we are looking for.

6. Degenerate parasix triangles
We begin with a simple interesting fact.

Proposition 8. Every line through P intersects the circumconic Cp at two real
points.

Proof. For the special case of the symmedian pdinthis is clear, sincds is the
interior of the circumcircle. Now, there is a homographyixing A, B, C' and
transformingP = (u : v : w) into K = (a® : b2 : ¢?). Itis given by

a2 v 2
olr:y:2z)=—z:—y: —2z|,
u v

w
and is a projective transformation mappi@ig into the circumcircle and any line

throughP into a line throughk. If Zis a line throughP, theny(¢) is a line through
K, intersecting the circumcircle at two real poigtsandg.. The circumcircle and
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the circumconidCp have a fourth real poing in common, which is the trilinear
pole of the lineP K. For any pointM onCp, the pointsZ, M, (M) are collinear.
The second intersections of the lindg, andZ ¢, are common points of and the
circumconicCp. O

In §2, we have seen that the parasix triangles are degenerate if and only if
P ¢ Lg or equivalently,@ € Cp. This means that for each ling through
P intersecting the circumconi€p at @, andQ-, the triangles oParasix(P, Q;),
1 = 1,2, are degenerate.

Theorem 9. For i = 1, 2, the two lines containing the degenerate triangles of
the parasix configuration Parasix(P, ();) are parallel to a tangent from P to the
inscribed conic C, with perspector thetrilinear pole of /. Thetwo tangentsfor i =
1, 2 are perpendicular if and only if the line ¢» contains the orthocorrespondent
Pt

For example, forP = K, the symmedian point, the circumcord® is the
circumcircle. The orthocorrespondent is the point

Kt = (a®(a* = b+ 402 -ty -0
on the Euler line. The liné joining K to this point has equation

b2 — (b + % — 24° & —a?)(® +a% - 2b° a®? =¥ (a® +b% — 22
LG GETICE ), 4 @ = P ), _

The inscribed coni€, has center
(@®(0* — ) (a* = bt + b2 =)o),
The tangents fronk to the conidC; are the Brocard axi® K and its perpendicular
at K. 1° The points of tangency are
a?(2a® = b — ) V(2% - —a?) (22 —a® - b?)
b2 — 2 : 2 _ g2 : a2 — b2
on the Brocard axis and

(a2(b2—c2) . b2(c2—a2) . 62((12—62))

2

202 — b2 —c2 T 22 — 2 — a2 " 2¢2 —qa? — b2

on the perpendicular tangent. See Figure 7. Thedimgersects the circumcircle

at the point
2 2 2
a b c
X110 = <b2—c2 22 a2—b2>

and the Parry point

a® b2 c?
X =5 2 24 2 2 2 p2 2 )
b>4+c?—2a* c?+a*—20° a*+b°—2c
The lines containing the degenerate triangle®ahsix(K, Xi19) are parallel to

the Brocard axis, while those f®arasix( K, X;11) are parallel to the tangent from
K which is perpendicular to the Brocard axis.

109The infinite points of these lines are respectiv&ly 1 and Xs12.
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Figure 7. Degeneratearasix(K, X110) andParasix(K, X111)
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