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Antiorthocorrespondents of Circumconics

Bernard Gibert

Abstract. This note is a complement to our previous paper [3]. We study how
circumconics are transformed under antiorthocorrespondence. This leads us to
consider a pencil of pivotal circular cubics which contains in particular the Neu-
berg cubic of the orthic triangle.

1. Introduction

This paper is a complement to our previous paper [3] on the orthocorrespon-

dence. Recall that in the plane of a given trianglBC, the orthocorrespondent of
a point)M is the pointM whose trilinear polar intersects the sidelinesdd?C at
the orthotraces ad/. If M = (p : ¢ : r) in homogeneous barycentric coordinates,
then?

ML:(p(—pSA+qSB+rSC)+a2qr:---:---). (D)
The antiorthocorrespondents 8f consists of the two pointd4 and M, not
necessarily real, for which/;* = M = Ms-. We write M = {M;, M}, and
say thatM; and M- are orthoassociates. We shall make use of the following basic
results.

Lemmal Let M = (p:q:r)and M " = {M;, Ma}.
(1) Theline M; M, ? has equation

Salg—r)z+ Sp(r —ply+ Sclp —q)z = 0.
It always passes through the orthocenter H, and intersects theline GM at

the point
(0 =)/ (g=r):eieo)
on the Kiepert hyperbola.

(2) The perpendicular bisector ¢, of the sesgment M M5 isthetrilinear polar
of the isotomic conjugate of the anticomplement of M, i.e.,

(g+r—pax+r+p—qy+@P+qg—1)z=0.
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lThroughout this paper, we use the same notations in [3]. All coordinates are barycentric coordi-
nates with respect to the reference trianglBC'.

2\, Ms is the Steiner line of the isogonal conjugate of the infinite point of the trilinear polar of
the isotomic conjugate af/.
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We study how circumconics are transformed under antiorthocorrespondence.
Let P = (u : v : w) be a point not lying on the sidelines afBC. Denote by
T'p the circumconic with perspectd?, namely,

u v w
Syl rZ =0
r Yy oz
This has centet
G/P=u(-u+v4+w):v(—v+w+u): wu+v—w)),

and is the locus of trilinear poles of lines passing throégh
A point (x : y : 2) is the orthocorrespondent of a point Ba if and only if

u
= U. 2
C§C x(—xSa +ySp + 2S¢) + a’yz 0 2)

The antiorthocorrespondent Bf is therefore in general a quart@p. It is easy
to check thatQp passes through the vertices of the orthic triangle and the pedal
triangle of P. It is obviously invariant under orthoassociatiom,, inversion with
respect to the polar circle. See [2]. It is therefore a special case of anallagmatic
fourth degree curve.

Figure 1. The bicircular circum-quarti@p

3This is the perspector of the medial triangle and anticevian triangie of
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The equation oBp can be rewritten as

(utv+w)C®— | Y (vtw)Sax | LC— [ Y uSpScyz | L2 =0, (3)
cyclic cyclic
with
C = a’yz + b?zx + Aay, L=x+y+ =z
From this it is clear tha@p is a bicircular quartic if and only ifi + v + w # 0;

equivalently,I'» does not contain the centro@. We shall study this case &8
below, and the casé € I'p in §4.

2. Theconic vp
A generic point on the coniEp is
u v w
M = M((t) = : : .
O S = e e M s v

As M varies on the circumconi€'p, the perpendicular bisectdi; of My M,
envelopes the conigp:

Z((u + v+ w)? — dvw)r? - 2(u+ v +w)(v+w — u)yz = 0.

/

Figure 2. The conieyp

The point of tangency ofp and the perpendicular bisector bf M, is
Tor = (v(uw—v)2(w+1)* +wu —w)w+t)> 1),
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The conicyp is called the éférente ofl'p in [1]. It has centewp = (2u + v +
w:---:---),and is homothetic to the circumconic with perspedfer+ w) :
(w +u)?: (u+v)?). % Itis therefore a circle whei® is the Nagel point or one of
its extraversions. This circle is the Spieker circle. We shall sé8.in below that
Qp is an oval of Descartes.

Itis clear thatyp is a parabola if and only i and thereforeP are at infinity.
In this casel'p contains the centroid’. See§4 below.

3. Antiorthocorrespondent of a circumconic not containing the centroid

Throughout this section we assurRea finite point so that the circumconig
does not contain the centrodg.

Proposition 2. Let ¢ bea linethrough G intersecting I'p at two points M and N.
The antiorthocorrespondents of M and N are four collinear points on Op.

Proof. Let M, M5 be the antiorthocorrespondents/df, and/V;, N, those of V.
By Lemma 1, each of the linek; M> and N1 N, intersecty at the same point on
the Kiepert hyperbola. Since they both contain A, M, and N1 N, are the same
line. O

Corollary 3. Let the medians of ABC meet I'p again at A, By, C,. The an-
tiorthocorrespondents of these points are the third and fourth intersections of O
with the altitudes of ABC.°

Proof. The antiorthocorrespondents 4fare A and H,,. O

In this case, the third and fourth points difif are symmetric about the second
tangent toyp which is parallel toBC'. The first tangent is the perpendicular bisec-
tor of AH, with contact(v + w : v : w), the contact with this second tangent is
(u(v +w) : vw + (v +w)? : v + (v +w)?) while Ay = (—u: v+ w : v +w).

For distinct pointsP, and P, the circumconicd’p, andI'p, have a “fourth”
common pointl’, which is the trilinear pole of the lin& P». LetT " = {1, T»}.
The conicsl'p, andI'p, generate a penciF consisting ofl['» for P on the line
P, P,. The antiorthocorrespondent of every cohje € F contains the following
16 points:

(i) the vertices ofA BC and the orthic triangléd, H, H..,
(ii) the circular points at infinity with multiplicity 48
(iii) the antiorthocorrespondent&’ = {71, T»}.

Proposition 4. Apart fromthe circular points at infinity and the vertices of ABC
and the orthic triangle, the common points of the quartics Op, and Qp, are the
antiorthocorrespondents of the trilinear pole of theline R P;.

4t is inscribed in the medial triangle; its anticomplement is the circumconic with center the
complement ofP, with perspector the isotomic conjugate®f
5They are not always real whetiBC' is obtuse angle.

6Think of Qp, as the union of two circles an@p, likewise. These have at most 8 real finite
points and the remaining 8 are the circular points at infinity, each counted with multiplicity 4.
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Figure 3. The bicircular quartio@p, andQp,

Remarks. 1. T7 andTs lie on the line throughd which is the orthocorrespondent
of the lineGT. See [3,82.4]. This lineT;T; is the directrix of the inscribed (in
ABC) parabola tangent to the ling P».

2. The pencilF contains three degenerate conigé’ U AT, CA U BT, and
AB U CT. The antiorthocorrespondent &C U AT, for example, degenerates
into the circle with diameteBC and another circle through, H,, 71 andT; (see
[3, Proposition 2]).

3.1 The points S; and S;. Since Qp and the circumcircle have already seven
common points, the verticed, B, C, and the circular points at infinity, each of
multiplicity 2, they must have an eighth common point, namely,

CL2
¥2Sg ~ 2S¢

which is the isogonal conjugate of the infinite point of the line

a2S4
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Similarly, Qp and the nine-point circle also have a real eighth common point
Sy = ((Sp(u —v+w) — So(u+v—w))(c*Scv — b>Spw) : ---:---), (5)
which is the inferior of

a2
(SB(u—v+w) —So(u+v—w) )
on the circumcircle.
We know that the orthocorrespondent of the circumcircle is the circum-ellipse
I'p, with centerK, the Lemoine point, ([3§2.6]). If P # O, this ellipse meetEp
atA, B, C and a fourth point

S_S(P)_(CQch—lb2SBw:m:”'>’ (6)

which is the trilinear pole of the lin@P. The pointS lies on the circumcircle if
and only if P is on the Brocard axi® K.

Proposition 5. ST = {5, S}.
Corollary 6. S(P) = S(P")ifand only if P, P’ and O are collinear.

Remark. When P = O (circumcenter)'p is the circum-ellipse with centek.
In this caseQp decomposes into the union of the circumcircle and the nine point
circle.

3.2 Bitangents.

Proposition 7. The points of tangency of the two bitangents to Op passing through
H are the antiorthocorrespondents of the points where the polar line of G in Ip
meetsI'p.

Proof. Consider a lind; throughH which is supposed to be tangent@p at two
(orthoassociate) point/ and N. The orthocorrespondents 8f and N must lie
onT'p and on the orthocorrespondent &f which is a line throughz. Since M
and N are double points, the line throughmust be tangent tbp and M N is the
polar of G in T'p. O

Remark. M and N are not necessarily real. F/T = {M;, My} andN' =
{N1, N2}, the perpendicular bisectors 8f; M> and N1 N, are the asymptotes of
~p.” The four pointsi;, Ms, Ny, N, are concyclic and the circle passing through
them is centered atp.

Denote byH,, H,, H3 the vertices of the triangle which is self polar in both
the polar circle andjp. The orthocenter of this triangle is obviously. Fori =
1, 2, 3, letC; be the circle centered &f; orthogonal to the polar circle arid the
circle centered abp orthogonal taC;. The circlel’; intersectsQp at the circular
points at infinity (with multiplicity 2) and four other points two by two homologous
in the inversion with respect t6; which are the points of tangency of the (not

"The union of the line at infinity and a bitangent is a degenerate circle which is bitang@pt to
Its center must be an infinite point 9.
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always real) bitangents drawn frof to Qp. The orthocorrespondent of is a

conic (see [3§2.6]) intersectind p at four points whose antiorthocorrespondents
are eight points, two by two orthoassociate. Four of them lidoand are the
required points of tangency. The remaining four are their orthoassociates and they
lie on the circle which is the orthoassociatdbfFigure 4 below shows an example

of Qp with three pairs of real bitangents.

Figure 4. Bitangents t@p

Proposition 8. Qp istangentat H,, Hy, H.to BC,CA, ABifandonlyif P = H.
3.3 Qp asan envelope of circles.

Theorem 9. Thecircle Cy; centered at Ty, passing through M; and M is bitan-
gent to Qp at those points and orthogonal to the polar circle.

This is a consequence of the following result from [1, tome 3, p.170]. A bicir-
cular quartic is a special case of “plane cyclic curve”. Such a curve always can
be considered in four different ways as the envelope of circles centered on a conic
(déférente) cutting orthogonally a fixed circle. Here the fixed circle is the polar
circle with centerH, and sincelM; and M- are anallagmatic (inverse in the polar
circle) and collinear with, there is a circle passing throudhi , M, centered on
the déférente, which must be bitangent to the quartic.

Corollary 10. 9p is the envelope of circles Cy;, M € I'p, centered on vp and
orthogonal to the polar circle.
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Construction. It is easy to drawyp since we know its centepp. For m on

~vp, draw the tangent,, at m to vp. The perpendicular at. to Hm meets the
perpendicular bisector of H, at a point which is the center of a circle through

(and H,). This circle intersect${m at two points which lie on the circle centered
atm and orthogonal to the polar circle. This circle intersects the perpendicular at
H to t,, at two points ofQp.

Corollary 11. Thetangents at M; and M, to @ p arethe tangents to the circle Cy,
at these points.

Figure 5. Qp as an envelope of circles

3.4. Inversions leaving Qp invariant.

Theorem 12. Qp isinvariant under three other inversions whose poles are the
vertices of the triangle which is self-polar in both the polar circle and .

Proof. This is a consequence of [1, tome 3, p.172].

Construction: Consider the transformatigprnwhich maps any poini/ of the
plane to the intersectio®/’ of the polars of)M in both the polar circle andp.
Let X,, X4, 3. be the conics which are the images of the altitudés, BH, CH
under¢. The conicy, is entirely defined by the following five points:
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(1) the point at infinity ofBC'.

(2) the point at infinity of the polar off in ~p.

(3) the foot onBC of the polar ofA in p.

(4) the intersection of the polar @f, in vp with the parallel atA to BC.
(5) the pole ofAH in ~p.

self-polar
triangle

T

Similarly, we define the conics, andX.. These conics are in the same pencil
and meet at four points: one of them is the point at infinity of the poldf af
and the three others are the required poles. The circles of inversion are centered
at those points and are orthogonal to the polar circle. Their radical axes with the
polar circle are the sidelines of the self-polar triangle. O

Figure 6. The conic&,, 3, X

Another construction is possible : the transformation of the sidelines of triangle
ABC under¢ gives three other conics,, o;, 0. but not defining a pencil since
the three lines are not now concurresy.passes througi, the two points where
the trilinear polar ofP* (anticomplement of’) meetsA B and AC, the pole of the
line BC' in ~yp, the intersection of the parallel g@tto BC with the polar ofH, in
~vp. See Figure 7.

Remark. The Jacobian of,, o, o. is a degenerate cubic consisting of the union
of the sidelines of the self-polar triangle.
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of PT

Figure 7. The conics,, os, 0.

3.5 Examples. We provide some examples related to common centersRif'.

P S S1 Sa I'p Remark
H | Xess | X107 | X125 see Figure 8
K X110 X112 X115 circumcircle
G | Xeas | X107 | S125 | Steiner circum — ellipse
Xea7 Jerabek hyperbola

Remarks. 1. ForP = H, Op is tangent atd,, H;, H,. to the sidelines oABC.
See Figure 8.

2. P = Xg47, the isogonal conjugate of the tripole of the Euler litg: is the
Jerabek hyperbola.

3. Qp has two axes of symmetry if and only i is the point such thad P —
30H (this is a consequence of [1, tome 3, p.1§15]. Those axes are the parallels
at H to the asymptotes of the Kiepert hyperbola. See Figure 9.

4. WhenP = Xjg (Nagel point),yp is the incircle of the medial triangle (its
center isX;o = Spieker center) anHlp the circum-conic centered &% = ((b +
c—a)lb+c—3a):---:---). Since the dférente is a circleQp is now an oval
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Figure 8. The quarti@y

Figure 9. Qp with two axes of symmetry

of Descartes (see [1, tome 1, p.8]) with axis the Iii&7,. We obtain three more
ovals of Descartes Ky is replaced by one of its extraversions. See Figure 10.
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Figure 10. Qp as an oval of Descartes

4. Antiorthocorrespondent of a circum-conic passing through G

We consider the case when the circumcdniccontains the centroid; equiv-
alently, P = (u : v : w) is an infinite point. In this casd,r has centefu? : v? :
w?) on the inscribed Steiner ellipse. The trilinear polar of poigtst G on I'p
are all parallel, and have infinite poifit. It is clear from (3) that the curvép
decomposes into the union of the line at infindy? : x 4+ y + z = 0 and the cubic
Kp

> w(Sp(Sau — Spv)y® — Sc(Sew — Sau)z?) = 0. 7)
This is the pivotal isocubic/6(Q2p, H), with pivot H and pole
Op— Spv— Scw  Scw — Sau Sau— Spv
P S+ S So ‘
Since the orthocorrespondent of the line at infinity is the centfgidve shall
simply say that the antiorthocorrespondent’pfis the cubicKp. The orthocenter
H is the only finite point whose orthocorrespondentisWe know thatOp has

already the circular points (counted twice) 61¢. This means that the cubiCp
is also a circular cubic. In fact, equation (7) can be rewritten as

(uSaz + vSpy + wScz)(a*yz + b2zx + Pay)
+(z+y+ 2)(uSBcyz + vScazx + wSapxy) = 0. (8)
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As P traversesC®, these cubicdCp form a pencil of circular pivotal isocubics
since they all contail, B, C, H, H,, Hy, H. and the circular points at infinity.
The poles of these isocubics all lie on the orthic axis.

Figure 11. The circular pivotal cubi€p

4.1 Properties of Cp.

(1) Kp isinvariant under orthoassociation: the line througltand M on Kp
meetsKp again atM’ simultaneously thé)p-isoconjugate and orthoas-
sociate ofM. Kp is also invariant under the three inversions with poles
A, B, C which swapH andH,, H,, H, respectively® See Figure 11.

(2) The real asymptote d&fp is the linelp

=0. 9
SBU—Swa—I_Scw—SAuy+SAu—SBUZ ©)

It has infinite point

P' = (Sgv — Scw : Scw — Sau: Sau — Spv),

811, H,, H,, H. are often called the centers of anallagmaty of the circular cubic.
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and is parallel to the tangents 4t B, C, andH.° It is indeed the Simson
line of the isogonal conjugate d?. It is therefore tangent to the Steiner
deltoid.

(3) The tangents t&p at H,, Hy, H. are the reflections of those 4dt, B,
C, about the perpendicular bisectors 4#,, BH;, C H, respectively?
They concur on the cubic at the point

X — Spv — Scw bQSB_CQSC . .
N U v w ' ' ’

which is also the intersection d@f and the nine point circle. This is the
inferior of the isogonal conjugate d?. It is also the image of”*, the
isogonal conjugate aP, under the homotheW(H,%).

(4) The antipode” of X on the nine point circle is the singular focus/gf:

F = (u(b?v — w) : v(Pw — a®u) : w(a*u — b*v)).

(5) The orthoassociat¥ of X is the “last” intersection ofCp with the cir-
cumcircle, apart from the vertices and the circular points at infinity.
(6) The second intersection of the lidgY” with the circumcircle isZ = P*.

asymptote

Figure 12. The pointX, Y, Z andKp for P = X512

he latter is the lineuSaz + vSpy + wScz = 0.
10These are the lineS?uz — (Ssv — Scw)(Ssy — Scz) = 0 etc.
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(7) Kp intersects the sidelines of the orthic triangle at three points lying on the
cevian lines ofY” in ABC.

(8) Kp is the envelope of circles centered on the parapléfocus F, direc-
trix the parallel atO to the Simson line of) and orthogonal to the polar
circle. See Figure 13.

directrix

Figure 13. Kp and the parabol®p

(9) T'p meets the circumcircle again at

. 1 1 1
A\ 020 —cw " Aw—a?u  a?u— b
and the Steiner circum-ellipse again at

1 1 1
R—( : : )
vV—w w—u UuU—0

The antiorthocorrespondents of these two postre four points orkp.
They lie on a same circle orthogonal to the polar circle. SeéZ%] and
Figure 14.

4.2 Kp passing through a given point. Since all the cubics form a pencil, there
is a uniquelCp passing through a given poifl which is not a base-point of the
pencil. The circumconi€'p clearly contaings andQ", the orthocorrespondent of
Q. It follows that P is the infinite point of the tripolar of)".

Here is another construction @f. The circumconic througld’ and Q" inter-
sects the Steiner circum-ellipse at a fourth pdintThe midpointM of GR is the
center of['p. The anticevian triangle al/ is perspective to the medial triangle
at P. The lines through their corresponding vertices are parallel to the tangents to
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Yff parabola
medial

Figure 14. The point®, S andCp for P = X514

KpatA, B, C. The point at infinity of these parallel lines is the poiifor which
Kp containsQ.

In particular, ifQ is a point on the circumcircle? is simply the isogonal con-
jugate of the second intersection of the liH&) with the circumcircle.

4.3. Some examples and special cases.

(1) The most remarkable circum-conic throughs probably the Kiepert rect-
angular hyperbola with perspectét = Xs»3, point at infinity of the or-
thic axis. Its antiorthocorrespondent i& (X990, H ), identified as the
orthopivotal cubicO(H) in [3, §6.2.1]. See Figure 15.

(2) With P = isogonal conjugate aKysy 1% Kp is the Neuberg cubic of the
orthic triangle. We havé” = Xj37, X = Xj98, Y = isogonal conjugate
of X539, Z = Xo30. The cubic contain§(5, X15, X16, X352, X186, X1154
(at infinity). See Figure 16.

(3) Kp degenerates wheR is the point at infinity of one altitude. For ex-
ample, with the altituded H, Kp is the union of the sideliné&C and the
circle throughA, H, Hy, H..

Up — (a®(b? — ¢®)(45% — 3bc?) : -+ : - -- ). The pointXos, is the anticomplement o, 37
which is X119 of the orthic triangle.
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Euler line

Kiepert
hyperbola

Figure 15. O(H) or Kp for P = X523

Figure 16. Kp as the Neuberg cubic of the orthic triangle

(4) Kp is a focal cubic if and only ifP is the point at infinity of one tangent
to the circumcircle a#, B, C. For example, with4, Kp is the focal cubic
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denotedK, with singular focusH, and pole the intersection of the orthic
axis with the symmediad K. The tangents afl, B, C, H are parallel to
the lineOA. I'p is the isogonal conjugate of the line passing throdgh
and the midpoint ofBC. Pp is the parabola with focusl, and directrix
the lineO A.
K, is the locus of pointM from which the segment® H,, C H, are
seen under equal or supplementary angles. It is also the locus of contacts
of tangents drawn froni, to the circles centered dff, H. and orthogonal
to the circle with diametefl, H.. See Figure 17.

\
\ / / /
\ / / /
\ A / /
= /
~_ \ / /
~ o \ / / /
~o \ / / /
S. \ / / 7
~o Ny / /
~ \ /
~_ ¥ |
\/\/\Z /

o/

LA
/) VV/ ’,5\ vy };/m‘almla Pp

P

Ad g
4

./ .
directrix / AR

Figure 17. The focal cubik,

4.4. Conclusion. We conclude with the following table showing the repartition of
the points we met in the study above in some particular situations. Recalfthat
X,Y always lie onCp, Y, Z, S on the circumcircle X, F' on the nine point circle,

R on the Steiner circum-ellipse. When the point is not mentioned in [6], its first
barycentric coordinate is given, as far as it is not too complicatéddenotes the
isogonal conjugate af/, andM# denotes the isotomic conjugate uf.
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P P X Y Z F S R || Remark
X30 | X523 | X195 | Xior | Xva | X113 | Xus02 | Xeas
X523 | Xso0 | X113 | Xuzoo | Xa10 | Xi25 | Xog | Xem (1)
X514 | X516 | X118 | Xo17 | Xio1 | X116 | Xers | Xoos (2)
X511 | X512 | Xu1s | Xuio | Xog | Xnia | X110 | My
X512 | Xs11 | X1 | Mo | Xogg | X115 | X1 X?ég (3)
X513 | X517 | X119 | Xois | Xioo | X11 | Xios X?ég (4)
KNsoq | Xnago | M3z | My | Xann | Xige | Xog | Xog
X520 | Xiogs | X133 | X7a | Xuor | Xi22 | X207
X525 | X1503 | X132 | Xog | X112 | X127 X8#58 X;,%
Xg30 | X154 | X2 | X539 | Xozo | X137
X515 | X522 | Xuoa | M5 | Xuo2 | X117
X516 | X514 | X116 | Me | X103 | X118 My

Remarks. (1) Q2p = X115. I'p is the Kiepert hyperbolaPp is the Kiepert parabola
of the medial triangle with directrix the Euler line. See Figure 15.
(2) Qp = X10s6- Pp is the Yff parabola of the medial triangle. See Figure 14.
(3) Qp = Xi0s4. The directrix of Pp is the Brocard line.
(4) Qp = X1015. The directrix ofPp is the lineO1.

The pointsMy, ..., M; are defined by their first barycentric coordinates as
follows.

M, 1/[(b% — c®)(a®Sa + b*c?)]
Mo a?/[Sa((b? — ?)? — a®(b? + &2 — 2a?))]
Mz | (0% — )2 (b + 2 — 5a®) (b + * — a® — 4b°?)

M,y 1/[Sa(b* — ) (b + ¢ — a® — 4b%c?)]
Ms Sa(b— )b+ —a’b — a*c + abe)
Mg 1/[Sa(b — ¢)(b? + ¢* — ab — ac + bc)]

My | 1/[(b— ¢)(3b* + 3c* — a® — 2ab — 2ac + 2bc)]
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