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How Pivotal | socubics I ntersect the Circumcircle

Bernard Gibert

Abstract. Given the pivotal isocubidC = pK(Q2, P), we seek its common
points with the circumcircle and we also study the tangentisese points.

1. Introduction

A pivotal cubic/C = pK(Q2, P) with pole (2, pivot P, is the locus of point\/
such thatP, M and its{2-isoconjugateM * are collinear. It is also the locus of
point M such thatP* (the isopivot or secondary pivot)4 and the cevian quotient
P/M are collinear. See [2] for more informatichThe isocubickC meets the cir-
cumcircle(O) of the reference triangld BC at its vertices and three other points
Q1, Q2, Q3, one of them being always real. This paper is devoted to g sttid
these points and special emphasis on their tangents.

2. Isogonal pivotal cubics

We first consider the case where the pivotal isocibie pK(Xg, P) isisogonal
with pole the Lemoine poini .

2.1 Circular isogonal cubics.When the pivotP lies at infinity, X contains the
two circular points at infinity. Hence it is a circular cubittbe classCL035 in
[3], and has only one real intersection wiif?). This is the isogonal conjugafe*
of the pivot.

The tangent aP is the real asymptot& P* of the cubic and the isotropic tan-
gents meet at the singular fochsof the circular cubicF is the antipode of* on
(0).

The pairP and P* are the foci of an inscribed conic, which is a parabola with
focal axisP P*. WhenP traverses the line at infinity, this axis envelopes the dtklto
H3 tritangent to(©O) at the vertices of the circumtangential triangle. The cctrbé
the deltoid with this axis is the reflection i* of the second intersection &fP*
with the circumcircle. See Figure 1 with the Neuberg cub@)1 and the Brocard
cubicK 021. For example, with the Neuberg cubié; = X4, the second point on
the axis isX,7¢, the contact is the reflection of 476 in X74.
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Figure 1. Isogonal circular cubic with pivot at infinity

2.2 Isogonal cubics with pivot on the circumcircl&/hen P lies on(O), the re-
maining two intersection§1, Q) are antipodes of(0). They lie on the perpendic-
ular atO to the lineP P* or the parallel a© to the Simson line oP. The isocubic
K has three real asymptotes:

(i) One is the parallel aP/ P* (cevian quotient) to the lin@ P*.

(i) The two others are perpendicular and can be obtaineslesvs. ReflectP

in Q1, Q2 to getS;, Se and draw the parallels &t}, S5 to the linesPQ1, PQs.
These asymptotes meet.&ton the lineO P. Note that the tangent to the cubic at
Q1, Q2 are the lineg), 57, Q2.55. See Figure 2.

2.3 The general caseln both cases above, the orthocenter of the triangle formed
by the pointsQ):, Q2, Q3 is the pivotP of the cubic, although this triangle is not

a proper triangle in the former case and a right triangle enlétter case. More
generally, we have the following

Theorem 1. For any pointP, the isogonal cubi& = pK(Xg, P) meets the cir-
cumcircle atA, B, C and three other point§)1, 2, 3 such thatP is the ortho-
center of the trianglé) Q2 Q3.
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Figure 2. Isogonal cubic with pivot on the circumcircle

Proof. The linesQ1Q7, Q2Q5, Q3Q3 pass through the piva? and are parallel to
the asymptotes of the cubic. Since they are the axes of thseeeled parabolas,
they must be tangent to the deltdit}, the anticomplement of the Steiner deltoid.
This deltoid is a bicircular quartic of clags Hence, for a giverP, there are only
three tangents (at least one of which is real) to the deltagsimg throughP.
According to a known result); must be the antipode qi®) of @', the isogo-
nal conjugate of the infinite point of the lin@,Qs. The Simson lines of);, Q-,
(3 are concurrent. Hence, the axes are also concurredt But the Simson line
of ), is parallel toQ2Q3. Hence®; Q7 is an altitude o1 Q2Q3. This completes
the proof. See Figure 3. O

Remark.These points), @2, Q3 are not necessarily all real nor distinct. In [1],
H. M. Cundy and C. F. Parry have shown that this depends of dséign of P
with respect toHs. More precisely, these points are all real if and onlyPilies
strictly insideHs. One only is real wher® lies outsideH3. This leaves a special
case wherP lies onHz. See§2.4.

Recall that the contacts of the deltdit with the line PQ; Q7 is the reflection
in @; of the second intersection of the circumcircle and the i, Q7. Conse-
guently, every conic passing through Q1, @2, Q3 is a rectangular hyperbola and
all these hyperbolas form a pengil of rectangular hyperbolas.
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Figure 3. The deltoid{s and the point€)1, Q2, Q3

LetD be the diagonal rectangular hyperbola which contains tineifidexcenters
of ABC, P*, andP/P*. Its center iX)p. Note that the tangent d@* to D con-
tains P and the tangent &/ P* to D containsP. In other words, the polar line of
P in Dis the line throughP* and P/ P*.

The pencilF contains the hyperbol& passing througtP, P*, P/P* andQp
having the same asymptotic directions7as The center of{ is the midpoint of
P andQp. This gives an easy conic construction of the poi@ts 02, Q3 when
P is given. See Figure 4. The pendil contains another very simple rectangular
hyperbola’, which is the homothetic of the polar conic Bfin K underh (P, 1).
Since this polar conic is the diagonal conic passing thrdbglin/excenters anH,
‘H’ containsP and the four midpoints of the segments joiniAdo the in/excenters.

Corollary 2. The isocubicC contains the projectiong?;, Ry, R3 of P* on the
sidelines 0f;Q.Qs. These three points lie on the bicevian cofi¢, P). 2

Proof. Let R; be the third point ofC on the lineQ)> Q3. The following table shows
the collinearity relations of nine points dé and proves thaP*, R; andQ); are
collinear.

2This is the conic through the vertices of the cevian trias@eG and P. This is theP-Ceva
conjugate of the line at infinity.
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Figure 4. The hyperbolak andD

P | P | P* |« P*isthetangential of
Q2 | Q3 | Ry | « definition of R,
Q5 | Q5 | Q7 | «— these three points lie at infinity

This shows that, foi = 1, 2, 3, the pointsP*, R; and(; are collinear and, since
P, Q; andQ); are also collinear, the lineBQ; and P*R; are parallel. It follows
from Theorem 1 thaR; is the projection ofP* onto the lineR; R;..

Recall thatP* is the secondary pivot of hence, for any poinf/ on I, the
points P*, M and P/M (cevian quotient) are three collinear points/onConse-
quently,R; = P/Q;} and, since)); lies at infinity, R; is a point onC(G, P). O

Corollary 3. The linesQ; R}, i = 1,2, 3, pass through the cevian quotieRf P*.

Proof. This is obvious from the following table.

P* | P*| P | — P/P*is the tangential oP*
P | Q7 | Q1 | < Q1Q7F must contain the pival
P | Ry | R} | < R{ R} must contain the pivoP
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Recall thatP* is the tangential o (first column). The second column is the
O

corollary above.
Corollary 4. Let S1, S, S5 be the reflections aP in Q1, @2, Q3 respectively. The
asymptotes of are the parallel atS; to the linesPQ); or P*R;.

Proof. These pointsS; lie on the polar conic of the pivaP since they are the har-
monic conjugate of” with respect ta; and@;. The construction of the asymp-
O

totes derives from [21.4.4].

Theorem 5. The inconicZ(P) concentric withC(G, P) 3 is also inscribed in the
triangle Q1 Q2@3 and in the triangle formed by the Simson linegxf Q2, Q3.

Proof. Since the trianglesi BC and Q1Q-Q3 are inscribed in the circumcircle,
there must be a conic inscribed in both triangles. The rewele calculation. [

In [4, §29, p.88], A. Haarbleicher remarks that the triangl&C and the re-
flection of Q1Q2Q3 in O circumscribe the same parabola. These two parabolas
are obviously symmetric about. Their directrices are the line throudh and the
reflectionP’ of P in O in the former case, and its reflectiondnin the latter case.
The foci are the isogonal conjugates of the infinite pointtheke directrices and

its reflection abou©.
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Figure 5. Thomson cubic

3This center is the complement of the complemenPof.e., the homothetic of” underh(G, %)
Note that these two conics(P) andC(G, P) are bitangent at two points on the liG&P. When

P = @G, they coincide since they both are the Steiner in-ellipse.
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For example, Figures 5 and 6 show the cBse . Note, in particular,
—KC is the Thomson cubic,
—D is the Steiner (or Don Wallace) hyperbola,
—H containsXs, X3, X6, X110, X154, X354, X392, X1201, Xo574, X575,
-H containsXs, Xog, X376, X551,
—the inconicZ (P) and the bicevian coni€(G, P) are the Steiner in-ellipse,
— the two parabolas are the Kiepert parabola and its reffecti®.

N Kiepert
parabola

reflection \zvf
. \

the Kiepert,

parabola in.O

Figure 6. The Thomson cubic and the two parabolas

More generally, anyp(Xg, P) with pivot P on the Euler line is obviously
associated to the same two parabolas. In other words, amny aiuihe Euler pencil
meets the circumcircle at three (not always real) poipis Q2, Q3 such that the
reflection of the Kiepert parabola i is inscribed in the triangl€); Q2Q3 and in
the circumcevian triangle @.

In particular, takingP? = O, we obtain the McCay cubic and this shows that the
reflection of the Kiepert parabola i is inscribed in the circumnormal triangle.

Another interesting case {s/C(Xg, X145) in Figure 7 since the incircle is in-
scribed in the triangl€)1 Q2Q)s.
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Figure 7. pK(Xe, X145)

2.4. 1sogonal pivotal cubics tangent to the circumcircle. this section, we tak®
onH3 so that/C has a multiple point at infinity.

Here is a special cas@(s is tangent to the six bisectors diBC. If we take the
bisectorAI, the contactP is the reflection of4d in the second intersectiod; of
AT with the circumcircle. The corresponding culiicis the union of the bisector
AT and the conic passing throudh C, the excenterg, and., A;, the antipode
of A on the circumcircle.

Let us now takeM on the circleCy with centerH, radius2R and let us de-
note by7,, the tangent af\/ to Cy. The orthopoleP of 7, with respect to the
antimedial triangle is a point oHs.

The corresponding cubif meets(Q) at P, (double) andPs;. The common
tangent atP; to X and(Q) is parallel to7,,. Note thatP; lies on the Simson line
Sp of P with respect to the antimedial triangle.

The perpendicular aP; to Sp meets(Q) again atPs; which is the antipode on
(O) of the second intersectiaf; of Sp and(O). The Simson line of; is parallel
to 7yy.

It follows thatC has a triple common point witf©) if and only if P, andQs are
antipodes onlO) i.e. if and only ifSp passes throug®. This gives the following
theorem.
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Theorem 6. There are exactly three isogonal pivotal cubics which aieetnts.

Their pivots are the cusps of the deltdits. The triple contacts witiO) are
the vertices of the circumnormal triandleThese points are obviously inflexion
points and the inflexional tangent is parallel to a sidelihéhe Morley triangle.
See Figure 8.

Figure 8. Isogonal pivotal trident

2.5 Tangents af), @2, Q3. We know that the tangents dt B, C to any pivotal
cubic concur afP*. This is not necessarily true for those@t, Q2, @s.

Theorem 7. The tangents af);, 2, @3 to the isogonal cubip/ (X, P) concur
if and only if P lies on the quinticQ063 with equation

Z a’y?2? (Sc(x+y)— Sp(x+2)) =0.
cyclic

Q063 is a circular quintic with singular focuXs-, the reflection of7 in O. It
has three real asymptotes parallel to those of the Thomduio and concurrent at
G.

“These three points are the common points of the circumcamtethe McCay cubic apant, B,
C.
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A, B, C are nodes and the fifth points on the sidelinesi&fC are the vertices
A’, B', C' of the pedal triangle o5, the de Longchamps point. The tangents at
these points pass througt,, and meet the corresponding bisectors at six points
on the curve. See Figure 9.

Figure 9. The quinti€063

Q063 containsl, the excenters7, H, Xo9, X1113, X1114. Hence, for the Thom-
son cubic, the orthocubic, and the Darboux cubic, the talsgeid),, (2, @3 con-
cur. The intersection of these tangents Arg for the orthocubic, and(; 9 for
the Darboux cubic. For the Thomson cubic, this is an unknoaint?)in the current
edition of ETC on the lin&7 X 350.

SThis has first barycentric coordinate
a®(38% + 2a°Sa + 5b°C°).
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3. Non-isogonal pivotal cubics

We now consider a non-isogonal pivotal culiiovith polew # K and pivotr.
We recall thatr* is thew—isoconjugate ofr and thatr /7* is the cevian quotient
of m andn*, these three points lying on the cubic.

3.1 Circular cubics. In this special case, two of the points, sgy and (s, are
the circular points at infinity. This gives already five conmyamints of the cubic
on the circumcircle and the sixth poi€; must be real.

The isoconjugation with poler swaps the pivotr and the isopivotr* which
must be the inverse (in the circumcircle 4BC) of the isogonal conjugate of.
In this case, the cubic contains the pdinhtisogonal conjugate of the complement
of 7. This gives the following

Theorem 8. A non isogonal circular pivotal cubif meets the circumcircle &,
B, C, the circular points at infinity and another (real) poi@t, which is the second
intersection of the line througf and = /7* with the circle passing through, =*
andr/7*.

Example: The Droussent cubi008. This is the only circular isotomic pivotal
cubic. See Figure 10.

Figure 10. The Droussent cutk008

The pointsz, ©*, T, Q1 are X314, Xg7, X671, Xo373 respectively. The point
m/m* is not mentioned in the current edition of [6].

Note that whenr = H, there are infinitely many circular pivotal cubics with
pivot H, with isopivot7* at infinity. These cubics are the isogonal circular pivotal
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cubics with respect to the orthic triangle. They have thieigslar focusF’' on the
nine point circle and their pole on the orthic axis. The isoconjugaté* of H
is the point at infinity of the cubic. The intersection witlethreal asymptote is
X, the antipode ofF" on the nine point circle and, in this casg, = = /7*. This
asymptote envelopes the Steiner delthigd The sixth point); on the circumcircle
is the orthoassociate df, i.e. the inverse oX in the polar circle.

Example: The Neuberg orthic culd050. This is the Neuberg cubic of the orthic
triangle. See [3].

3.2 General theorems for non circular cubics.

Theorem 9. K meets the circumcircle ad, B, C and three other point§)1, Q-,
Q@3 (one at least is real) lying on a same conic passing thromgh* and /7*.

Note that this conic meets the circumcircle again at thedeafconjugate of the
infinite point of the trilinear polar of the isoconjugatewfinder the isoconjugation
with fixed pointr.

Withw =p:q:randr =u: v : w, this conic has equation
Z P2 w? (Py+b22) (wy—vz)+gru’z(vw (v —b*w) e+u(b*w?y—cv?z)) = 0,
cyclic
and the point on the circumcircle is :

a® ' b2 ' c?
u2(rv? — quw?) " v (pw? — ru2) ~ w2(qu? — pv?)
Theorem 10. The conic inscribed in trianglest BC and Q1(Q2Q3 is that with
perspector the cevian product efandtgw, the isotomic of the isogonal af.

3.3 Relation with isogonal pivotal cubics.

Theorem 11. K meets the circumcircle at the same points as the isogonataliv
cubic with pivotP = u : v : w if and only if its polew lie on the cubidC,,.. with
equation

22
Z (v + w)(cty — b2) pehe Z (b —Au | zyz=0

cyclic cyclic

= Z a*u(cty — b22)(—atyz + bza 4 ctay) = 0.
cyclic

In other words, for any point on K., there is a pivotal cubic with pole
meeting the circumcircle at the same points as the isogaviatip cubic with pivot
P=u:v:w.

Kpole IS @ circum-cubic passing through, the vertices of the cevian triangle of
gcP, the isogonal conjugate of the complemen#bfThe tangents afl, B, C are
the cevians 0fX3s.

The second equation above clearly shows that all thesesbblong to a same
net of circum-cubics passing throughti having the same tangents 4t B, C.
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This net can be generated by three decomposed cubics, oheroftieing the
union of the symmediad K and the circum-conic with perspector theharmonic
associate 0f(ss.

For example, with? = H, K. is a nodal cubic with nodé< and nodal
tangents parallel to the asymptotes of the Jerabek hy@erbicdontainsXg, Xgg,
X193, X303, X571, Xeos, X1974, X2911 Which are the poles of cubics meeting the
circumcircle at the same points as the orthocub96.

Theorem 12. K meets the circumcircle at the same points as the isogonataliv
cubic with pivotP = u : v : w if and only if its pivotr lie on the cubidCp; o, With
equation

Z (v +w)(cty — br2) 2® + Z (b — *u | zyz = 0.

cyclic cyclic

In other words, for any point on KCy,ivot, there is a pivotal cubic with pivat
meeting the circumcircle at the same points as the isogavatib cubic with pivot
P=u:v:w.

Kopivot IS @ circum-cubic tangent at, B, C' to the symmedians. It passes through
P, the points on the circumcircle and on the isogonal pivotdic with pivot P,
the infinite points of the isogonal pivotal cubic with pivbetcomplement oP, the
vertices of the cevian triangle of &, the isotomic conjugate of the complement of
P.

Following the example above, witR = H, K,y IS also a nodal cubic with
noded and nodal tangents parallel to the asymptotes of the Jetalpekbola. It
containsXs, X4, Xs, X76, Xsa7r Which are the pivots of cubics meeting the cir-
cumcircle at the same points as the orthocubic, three of benyp/C( X193, X76),
pPK (X571, X3) andpK(Xag11, Xs).

Remark.Adding up the equations &f .. and;y.¢ Shows that these two cubics
generate a pencil containing tipéC with pole the Xs»-isoconjugate of £, pivot
the X 39-isoconjugate of £ and isopivotXos; .

For example, withP = Xgg, this cubic ispA(Xg, X141). The nine common
points of all the cubics of the pencil are B, C, K, X149 and the four foci of the
inscribed ellipse with centeX4;, perspectotX .

3.4. Pivotal K01 and Kpivor. The equations o, and/Cpivor, Clearly show that
these two cubics are pivotal cubics if and onlyifies on the lineG K. This gives
the two following corollaries.

Corallary 13. WhenP lies on the lineGK, K, is a pivotal cubic and contains
K, Xo5, X39. Its pivot is g& (on the circum-conic througldir and K) and its
isopivot isX3s. Its pole is the barycentric product dfs; and gcP. It lies on the
circum-conic throughXss and Xos; .

All these cubics belong to a same pencil of pivotal cubicsititermore Cp,o1e
contains the cevian quotients of the pivotljand K, Xs5, X35. Each of these
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points is the third point of the cubic on the correspondirdgkne of the triangle
with verticesK, Xo5, X32. In particular,Xo5 gives the point gP.
Table 1 shows a selection of these cubics.

| P [ Kpol containsk, Xps, X3; and | cubic|
Xo X31, Xa1, X184, X604, X2199 K346
Xeo | Xo, X3, X6, Xoo6, X1676, X1677 K177

Xg1 | X1169, X1333, X2194, X2206
Xgs | X58, X1171
X193 | X1974, X3053
Xogg | X15, Xogg1
X323 | X50, X1495
X325 | X511, Xoggr
X35 | X1691, X1976
X394 | X154, X577
Xug1 | X372, X589
Xy92 | X371, Xsgg
Xsoq | X111, Xugr
X270 | X493, X1151
Xior1 | Xugsa, X1152
Xiesa | X2, X1918, X2200
X1992 | X1383, X1384
X1994 | X51, X2965
Xoggs | X37, X013, Xo2g, X1030
atX1916 | X237, X384, X385, X694, X733, X004, X1911, X2076, X3051

Table 1.1 With P on the lineGK.

Remark.atX 914 is the anticomplement of the isotomic conjugateXahg.

Corallary 14. WhenP lies on the lineG K, Ko CcOntainsP, G, H, K. Its pole
is gcP (on the cubic) and its pivot is & on the Kiepert hyperbola.

All these cubics also belong to a same pencil of pivotal aibic

Table 2 shows a selection of these cubics.

We remark thatC,c is the isogonal of the isotomic transform/6f;,.; but this
correspondence is not generally true for the piwand the polev. To be more
precise, forr on KCpivot, the polew on K. is the Ceva-conjugate of gtand gtr.

From the two corollaries above, we see that, given an isdgowatal cubic /C
with pivot on the lineG K, we can always find two cubics with poléSs, X35 and
three cubics with pivotss, H, K sharing the same points on the circumcircle as
KC. Obviously, there are other such cubics but their pole awot fnioth depend of
P. In particular, we have/C(gcP, tcP) andp/(Ox gcP, gcP).

We illustrate this with? = G (and g = K) in which caselCy;y.; is the
Thomson cubid 002 andXC,,. is K346. Form andw chosen accordingly on these
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| P | Kpivet CONtainsXs, X4, X and | cubic]|
Xo | Xy, X3, Xg, X57, X993, Xoga, X1073, X1249 K002
X | Xs3, Xos1, X1176
Xeg | Xo2, Xe9, X76, X1670, X1671 K14l
Xg1 | Xo1, Xs8, Xg1, X572, Xo61, X1169, X1220, X1798, X2208 | K379
Xgo | Xs6, X1126, X1171
X193 | Xos, X193, X371, X372, X2362 K233
Xogg | Xogg, Xogg1
X323 | X30, X323, Xoos6
X325 | X325, Xoo65, X2087
X3g5 | Xog, Xog7, Xoag, X385, X1687, X1688, X1976 K380
X394 | X20, X304, Xs01
X491 | X401, X589
Xy92 | X492, Xsss
X524 | X3, X111, X524, X671, X505 K273
X170 | X493, X1270
Xio71 | Xaga, X1o71
X611 | X439, X1611
X154 | X10, X42, X71, X199, X1654
X1992 | X508, X1383, X1992, X1995 K283
X1993 | X54, Xo75, X1903
X994 | X5, X1166, X1994
Xoog7 | Xis17, X227
Xoggs | X37, X702, X321, Xogos, Xo915
X3051 | X384, X3051
atXig16 | X39, Xos6, X291, X511, X694, X1432, X1916 K354

Table 2.Kivor With P on the lineGK

cubics, we obtain a family of pivotal cubics meeting the wincircle at the same
points as the Thomson cubic. See Table 3 and Figure 11.

With P = Xgg (isotomic conjugate off), we obtain several interesting cubics

related to the centroid’=gcP, the circumcenteO=gtP. Kp1c IS K177, Kpivor IS
K141 and the cubicpX(Xo, X76) = K141, pK (X3, X2) = K168, pk(Xg, Xeo)

= K169, pK(X32, X22) = K174, pK (X206, X6) have the same common points on

the circumcircle.
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| 7 | w(X; or SEARCH)] cubic orX; on the cubic

X1 | Xq X1, X6, X9, X55, Xo59
Xy | X K002
Xs | Xa K172
Xy 10.1732184721703 | X4, X¢, Xog, Xo5, X154, X1249
Xe | Xiss K167
X9 | Xz X1, X¢, Xo, X56, X84, X165, X198, X365
Xs7 | Xo1g9 X, X410, X56, X57, X108, X203
X223 | X604 X, X57, X223, X266, X1035, X1436
Xi073 | 0.6990940852287 | Xg, Xe4, X1033, X1073, X1498
X1249 | Xo5 Xy, X6, Xoa, X1033, X1249

Table 3. Thomson cubik 002 and some related cubics

K002 ‘ pK(X31,X9)
K172 | pK(X41,X1)
K167 | pK(X604,X223)

Figure 11. Thomson cubi€ 002 and some related cubics

4. Non isogonal pivotal cubicsand concurrent tangents

We now generalize Theorem 7 for any pivotal cubic with @ele- p : ¢ : » and
pivot P = u : v : w, meeting the circumcircle at, B, C' and three other points
Q1, Q2, Q3. We obtain the two following theorems.
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Theorem 15. For a given polef?, the tangents af), -, Q3 to the pivotal cubic
with pole(2 are concurrent if and only if its pivaP lies on the quinticQ(€2).

Remark.Q(2) contains the following points:
— A, B, C which are nodes,

— the square roots @2,

—tg(?, theQ)-isoconjugate of¢,

— the vertices of the cevian triangle af = (C4pq+b4£§_“4q’”)p sl ) the
isoconjugate of the crossconjugatefdfand td? in the isoconjugation with fixed
point tgf2,

—the common points of the circumcircle and the trilineamapdi; of tg?,
—the common points of the circumcircle and the lihg passing through fg and
the cross-conjugate df and td?.

Theorem 16. For a given pivotP, the tangents af){, (02, Q3 to the pivotal cubic
with pivot P are concurrent if and only if its pol€ lies on the quinticQ’(P).

Remark. Q'(P) contains the following points:

— the barycentric produad® x K,

— A, B, C which are nodes, the tangents being the cevian line¥gfand the
sidelines of the anticevian triangle f x K,

— the barycentric squar®? of P and the vertices of its cevian triangle, the tangent
at P? passing througtP x K.

5. Equilateral triangles

The McCay cubic meets the circumcircle 4t B, C and three other points
N,, Ny, N. which are the vertices of an equilateral triangle. In thistisa, we
characterize all the pivotal cubiés = p/C(€2, P) having the same property.

We know that the isogonal conjugates of three such padiptsV,, N, are the in-
finite points of an equilateral cubic (&, see [2]) and that the isogonal transform
of K is another pivotal cubi&’’ = pK (', P") with pole Q' the X3,-isocongate
of Q, with pivot P’ the barycentric product a? and the isogonal conjugate Of
Hencek meets the circumcircle at the vertices of an equilaterahgie if and only
if X' is apep.

Following [2, §6.2], we obtain the following theorem.

Theorem 17. For a given pol& or a given pivotP, there is one and only one piv-
otal cubickC = pK (€2, P) meeting the circumcircle at the vertices of an equilateral
triangle.

With Q = K (or P = O) we obviously obtain the McCay cubic and the equilat-
eral triangle is the circumnormal triangle. More generalp/C meets the circum-
circle at the vertices of circumnormal triangle if and orfiyt$ pole Q2 lies on the
circum-cubicK 378 passing through, the vertices of the cevian triangle of the
Kosnita pointXs,4, the isogonal conjugates &f3o4, X343. The tangents afl, B,

C are the cevians aK3,. The cubic is tangent & to the Brocard axis andl’ is a
flex on the cubic. See [3] and Figure 12.
The locus of pivots of these same cubic&361. See [3] and Figure 13.
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Figure 13.K 361, the locus of pivots of circumnormalCs
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